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Context: This project addressed numerical aspects of spatial filters used for the specification of correlation and 

localization operators in variational data assimilation (VDA) and hybrid ensemblevariational data assimilation 

(hybrid EnVDA). The methods developed in this project have been implemented and evaluated in global ocean 

configurations of the NEMOVAR system. NEMOVAR is used operationally in the Earth-system models at the 

European Centre for Medium-Range Weather Forecasts (ECMWF) and UK Met Office. 

 
Objectives: This project aimed to develop new algorithms for spatial filtering using a diffusion operator, for 

applications in VDA and hybrid EnVDA. Particular attention was paid to the efficiency and scalability properties of 

the algorithms on massively parallel computers. 

 
Main results: Correlation operators are used in the formulation of background-error covariance models in VDA and 

for localizing low-rank sample estimates of background-error covariance matrices in EnVDA. In this project a new 

approach for defining correlation operators based on diffusion operators was developed. The starting point was a 

two-dimensional (2D) implicitly formulated diffusion operator on the sphere, which has been shown in previous 

works to support symmetric and positive-definite smoothing kernels that are closely related to those from the 

Matérn correlation family. Different methods were proposed for solving the 2D implicit diffusion problem and 

these were compared with respect to their efficiency, accuracy, memory cost, ease of implementation, and 

parallelization properties on high-performance computers. The methods developed in this project were evaluated 

in a global ocean VDA system. An iterative algorithm based on the Chebyshev iteration (CI), which uses a fixed 

number of iterations and pre-computed eigenvalue bounds, was shown to be particularly promising. Techniques 

for improving the parallelization aspects of the algorithm have been further developed in more recent work 

supported by LEFE-MANU. 
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Left panel: 2D implicit-diffusion generated correlations as a function of the number of CI iterations (K): K=2, 4 
(top panels) 9, 13 and 43 (bottom panels). Truncating the iterations before full convergence can vastly reduce the 
computational cost of the algorithm without affecting the quality of the correlation operator. Furthermore, the CI 
algorithm has attractive scalability properties on massively parallel computers since, unlike standard iterative 
solvers like conjugate gradients, it does not require costly global MPI communications (from Weaver et al. 2016). 

 
Right panel: Theoretical (parallel) speed-up (TSU) factors as a function of M’=M/2, where M is the total number of 

implicit iterations, for different choices of first guess and preconditioner. The TSU factor is defined as M’ Kspd / Knspd 

where the numerator (resp., denominator) corresponds to the total number of CI iterations required to solve the M’ 
SPD systems (resp., single NSPD system). The TSU factor gives the run-time speed up that can be achieved from a 
perfectly “time”-parallelized diffusion-based correlation operator. For values of M’ typically used in operational 
configurations, the TSU factor is between 2 and 3. This represents a potential speed-up of up 



to 1.8 given that the time spent on the execution of the correlation operator in the current operational ECMWF 
3D-Var system is approximately two thirds (from Weaver et al. 2017). 
 

 

Future of the project: The diffusionbased correlation operator is a critical component of the VDA and EnVDA 

versions of NEMOVAR. Continued work is needed to improve its numerical performance (efficiency and 

scalability) for operational applications involving highresolution models and sophisticated data assimilation 

formulations such as hybrid EnVDA. Further developments in this area are being made within the framework of a 

new project (2017-2019) supported by LEFEMANU. 
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