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Context 

This project explores a new approach in the field of data assimilation, which is a key step of the numerical weather 

prediction. 

Objectives / scientific questions 

This project contributed to the development of the parametric Kalman filter: an implementation of the Kalman 

filter, in which covariance matrices are approximated by parametric covariance models. The evolution of the 

parameters during prediction and assimilation allows to reproduce the equations of the Kalman filter at a lower 

numerical cost. 

Main results 

The parametric Kalman filter (PKF, Pannekoucke et al. 2016) makes it possible to reproduce the dynamics of 

uncertainties given by the Kalman filter, but at a lower digital cost. The idea is to approach a covariance matrix by 

a parametric covariance model. By being able to describe the evolution of the covariance parameters during the 

forecasting and analysis stage, the Kalman cycle can be reproduced. The PKF is adapted to the evolution problems 

described by partial differential equations. We focused on covariance models parameterized by variance and 

anisotropy tensor fields. 

Thus, to implement the PKF, the forecasting step must first be described: for a given dynamic, it is necessary to 

build the dynamics of the parameters in order to predict the forecast error covariance matrix. The objective of the 

project was to extend the formalism of the parametric filter to the non-linear framework, which we achieved by 

illustrating the principle on the diffusive non-linear advection equation (Burgers' equation) (Pannekoucke et al. 

2018). The results were very satisfactory and we were able to show that it is possible to predict the forecast error 

variance and span length fields (characteristic forecast error correlation scale). In this publication, we have 

highlighted a closure problem due to partial derivative operators of order greater than 2, but above all this 

publication has made it possible to formalise a direct approach to the design of the system of equations describing 

the evolution of variance and anisotropies, paving the way for the construction of systems of equations for the 

parameters using symbolic calculation software. In order to make progress on the formulation of the PKF, we have 

implemented a package based on symbolic calculation which allows, for a dynamic given by a system of equations, 

to deduce - automatically - the evolution equations for the variance and the anisotropy tensors. In order to build 

an end-to-end approach, an additional software layer has been implemented to build a calculation code solving 

the parametric equations: it is a code generator that builds a finite difference type implementation for a system of 

evolution equations. Thus, it is possible to explore a parametric formulation for any kind of dynamics: from the 

equations of the dynamics, one generates the system of equation describing the mean/variance/anisotropy 

tensors, then the calculation code that allows to perform numerical experiments (Pannekoucke and Arbogast, 

2021). This processing chain has been implemented in python (Sympy for symbolic calculation, numpy for 

numerical calculation). If this contribution is being valorised by the writing of an article, this innovation has allowed 

us to explore the search for a closure. Indeed, using the calculation code generator, we initiated a work with Ronan 

Fablet, a work on the automatic generation of neural networks, allowing to make the link between the equations 

of physics and AI. This generator makes it possible to translate a PDE system into the form of a neural network, in 

which the operators of partial derivatives in space are implemented in the form of a convolutional layer, and where 

the unknown terms to be closed are represented by an extension of the neural network (Pannekoucke and Fablet, 

2020). The sources of the network generator are available in open-access (Pannekoucke, 2020). 

The exploration of the PKF prediction stage led us to study a subject which was not initially foreseen: that of the 

characterisation of model error statistics linked to the discretisation of equations. We have shown, for the linear 

advection equation, discretized by a semi-Lagrangian approach and a finite difference approach, that it is possible 
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to characterize and explain "loss of variance" (previously observed in the literature and affecting ensemble 

methods), by describing the parametric equations for the equivalent equation to numerical discretization (the 

equivalent equation corresponds to the equation with partial derivatives that the numerical solution verifies - at a 

given order). To our knowledge, this is the first time that model error statistics related to numerical discretization 

have been successfully characterized (Pannekoucke et al. 2021) (see Figure 1). This innovation has enabled us to 

propose an inflation that is capable of successfully compensating for the loss of variance while at the same time 

providing a better understanding of the loss of variance observed in an EnKF (Ménard et al. 2021). 

The forecasting stage having predicted the forecast error statistics, the covariance parameters now need to be 

updated during the analysis stage. During the project, we extended the formalism of the PKF, initially in 1D, for 

problems defined on domains of dimension 2 or 3 (Pannekoucke, 2021). In particular, we described for the first 

time how to update the anisotropy tensor field when a local observation is assimilated. Next, we showed the ability 

of the PKF to reproduce several cycles of the Kalman filter in an advection problem on a 2D domain (see Figure 2). 

Finally, this work laid the foundations for a formulation of the analysis step in a multivariate framework. 

 

 

 
Fig. 1 

 

  
Fig. 2 

Fig. 1 : Variance and correlation length (anisotropy) of model error related to the numerical discretization of the 

heterogeneous advection equation over a domain of dimension 1. 

Fig. 2 : Comparison between the forecast error variances from a Kalman filter estimated using an ensemble 

Kalman filter (EnKF) (panel a) with those from the PKF (panel b) after several assimilation cycles and for the 

advection equation over a domain of dimension 2 (Pannekoucke, 2021). 

Future of the project: 

The results obtained within the framework of this project have opened up new avenues of collaboration and 

applications, such as the characterisation of the dynamics of marine eco-systems (collaboration with Elodie 

Martinez LOPS). Several theses are planned to contribute to the development of PKF applications, for example in 

Météo-France's MOCAGE transport chemistry model. 

The development of the PKF is not finished, there is still work to be done on the multivariate formulation for 

geophysical equations and the formulation of an assimilation for non-local observations or those with correlated 

observation error. We would like to extend this first upstream study by a second part. 

Nombre de publications, de communications et de thèses 
 

4 articles have been published, 2 articles have been submitted, one article is being finalized. 

Oral presentation in 6 international workshops, 3 of them as invited talks. 

One PhD is now working on this subject at ONERA for the assimilation of radiation belts. 
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